Abstract. In scientific inquiry of small scale energy and transition events, the effect of an observer on the measurement can be substantial. Similarly, the methods of observation can create entirely different understandings of the system behavior, discussed here on a macro scale. An example using laser vibrometry analysis of nonlinear clattering contact of armor plate shows the difference between the common measurement-at-a-point compared to measuring the system dynamics from the simultaneous behavior of the entire structure. Using an optimum configuration for a laser vibrometer can improve remote identification of vehicles. The former pencil-thin laser technique fits the keep-it-simple maxim but hides crucial coupling data. With careful observation methods it is possible to measure the structural modal frequencies and calculate the transition probabilities between these discrete modes. This work shows a genesis of what might be called 1/f "noise" which is explained herein by Zienkiewicz using modal analysis. The behavior also results from simplified analysis, and simulation -that the energy of the essentially discrete structural vibration modes decreases with increasing mode number (and frequency). 
Introduction
Using optics to sense vibration is a mature technology dating back to Foucault's methods of observations with knife-edge imaging to measure mirror shape in 1858. Jean
Bernard Léon Foucault invented a method to measure phase that was later used to remove unwanted phase ef- (iii) Several analytical calculations using explicitly nonlinear mechanics validate the clattering spectrum. These experimental, simulation, and analytical results provide cross-supporting reinforcement for the three observational characteristics described in this paper.
This work defines three characteristics of composite structures such as vehicles. 1. The lower frequency modes are nearly discrete. 2) Energy from driven modes flows into other modes. And finally, 3) due to theory and observations defined herein, vibration strain-energy is higher in the fundamental mode, with energy decreasing as modal frequencies increase. The latter two characteristics can be considered to be consequences of the second law of thermodynamics [3] .
An important issue to consider is how the probe beam spot size affects the observed vibration modes. Some vibration modes may not be obvious from return due to a probe beam with a small spot size. In the case of clattering armor plates, more mode information is acquired when viewing the entire optical image and processing its spectrum at multiple locations. In spite of some interference, the non-imaging (spatially integrated radiant flux) spectrum of the probe return from the entire target's surface provides more information than the small spot size in that phase information over time is embedded in the sensed signal.
Three observational characteristics
Based on the three previously mentioned supporting results, the experiments, simulation, and analytical results, The energy at each of the modes shown in Figure 1 transfers to lower energy modes if physical load paths exist that are conducive to mode coupling. A transfer of energy from a strongly driven mode to other modes appears in Figure 2 . That driver might be in a component located far from the receiving modes, but in 'frequency The models, structures, and observational characteristics that comprise this article are summarized in the Conclusion in Table 6 .
Physical model
While conventional laser vibrometry systems can better identify many modes in an academic structure -such as this solitary vibrating bar in the following photos -by using a "pencil-thin" beam, a large spot size can adequately measure those modes and more. This can be shown by simulation and analytical calculation. The simulation uses finite element analysis (FEA) for vibration deformation data that is handed-off to a set of MATLAB tm functions that perform Fresnel propagation for the optical sensing. The laboratory bar measurements show the signal to noise ratio (SNR) is quite high for structural components and, unless the system is purposely damped, the reso- Commercial laser vibrometers use pencil-thin spot sizes on the object being measured. This is equivalent to one pixel's response from a large spot size imaging system.
Non-imaging signals average responses from all pixels for each time step. An optimum automated target recognition (ATR) system could use a combination of small and full illumination.
Structural nonlinearities
A vibrating surface can be measured for dynamical properties by using any of several forms of laser vibrometry. For over half a century modal engineers have routinely done modal analysis for nonlinear vehicle structures. This work uses a structural model of a plate bolted to another plate on a base structure. The work also uses simplified and even "linear" component models, but they cannot deliver the behavioural metrics that the full model provides. They merely verify limited aspects of the nonlinear model, which is a crucial part of the overall analysis.
In the main analysis, the structure is free-floating system using D'Alembert reactions, an analysis technique common to vehicle engineering. See, for example, the numerous 'quarter-panel models' in the literature [6, 7] .
The sensor model is an optical model without the usual air turbulence analysis, except to check for Fante's wavefront coherence breakup range [8] and a few other imaging issues [2] that are out of the scope of this paper.
The physical model for the clattering armor assumes a linear superposition of vibration modes on a nonlinear structure. Some effects that are ordinarily assumed linear for structural dynamic response must be nonlinear at the outset. For one, this is not a linear time-invariant system.
See the details of removal of these typical LTI assumptions and its relationship to stability, stabilization, and stabilizability in the thesis [2] , available through DTIC dot mil, also contain a treatment of how fixity changes the modes, which can model aging of parts. Therefore, the modulation of the sensed optical radiant flux is related to the analytical nonlinear expressions in the Appendix that help explain the contact nonlinearity in the FEA simulation.
The modeling complications related to fixity, nonlinear- But in practice the "power" is displayed, signal processing "power" being the square, element-by-element, in g ′2 /Hz. However, the optically sensed units are dB/Hz. 4 While there are systems where joints change behaviour on a short-term basis during operation (e.g., magneto-rheological and similar semi-active systems), the sigmoid transition is usually driven by two factors: (A) energy thresholds (e.g., bolted
joints have a bi-linear load curve [12] ), and (B) design changes during the drawing release phase of vehicle development. body-in-white) are in the literature. To a scientist, the ride-and-handling issues and how they relate to the three observational characteristics described above might seem to be basic enough to warrant several scholarly articles.
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However, this is clearly the arena of trade secrecy at such a high level of value that corporate lawyers would be unsurprised at the paucity of measured data available to the public. 6 Physicists in Ann Arbor were baffled surprised that a wheelbase change of less than 2 cm would require over a year of mechanisms analysis to re-balance just the toe, caster, and camber -in negotiations with competing requirements from groups that engineer tires, turn radius, vibration, and crashworthiness.
Measured data: Vibrating clamped-clamped bar
Pepela showed in his thesis [16] but not sufficient that super-symmetric structures produce spectral elimination in laser vibrometry [2] . The vibrating bar is the simplest form of structural super-symmetry with a f3 = 1460 Hz mode. Permission N. Pepela [16, 17] .
that results in spectral elimination, but it is rarely the only structural component a laser vibrometer can use for identification of a manufactured structural system (vehicle), unless the target is the vibrating bar (a structural oscillator ) that requires identification. But even for such oscillators, the typical transducer is a piezoelectric system that is not super-symmetric, and thus not prone to spectral elimination; it is not a driven bar. Therefore, a vehicle that is purposefully fitted with vibrating bars can still be identified with its spectral "fingerprint" in spite of possible spectral elimination from oscillators. Pepela's result [16] was that use of small spot sizes reduces spectral elimination from the laser vibrometry spectral result Figure 6 . While the small spot size is still large enough to average out higher frequency (smaller vibration shape wavelength) modes, another spectral elimination that small spot size vibrometers are susceptible to is the effect of the probe spot being on a Chladni line of nodes [18] of the vibration shape for particular frequencies [19] . Detection of these modes at 2300, 2740, and 2900 Hz is a positive observational difference provided by using a large spot size, in this case.
Observational differences
The difference between small spot size ( able for a particular DOF that determines the ratio from zero to one (0% to 100%) of force, moment, or torsion [14] that will transfer from one component to another through the joint member for whom the fixity is defined [13] . The 'fundamental' mode is the one at the lowest frequency.
8 Critically damped systems remove all oscillation.
of c ′ i , the critical damping ratio [described above], we see that this can now be written as In practice, the deflection x decreases with frequency, as it must. However, there is a practical limit to reduction in deflection. When that limit is reached, while the frequency continues to increase, the potential energy must grow. This means that higher frequency modes require more energy, even for smaller deflection -especially when deflection is already small, when x 2 << U/(2π 2 mf 2 ). The kinetic energy side of this simple calculation is Rayleigh's method [20] .
It may help to see this from a force point of view using the gradient of U . If the restoring force is conservative, it is F = ∂U/∂x = 4π 2 mf 2 x, and is thus a quadratic function of the frequency, f . It might be tempting to consider a "conjugate force" for frequency, where the gradient of U is 4π 2 mx 2 f (units of action : Energy × time, or momentum × distance) [21] . However, the force (F = ∂U/∂x), cannot increase ad infinitum. At some point assumptions of linearity and structural integrity start breaking down.
Let us combine the observations of this upper limit on the force,and the understanding that the spring extension is limited to x > 0, the proposition that the energy required to have a particular mode increases approximately quadratically, "on average" in this sense of the other variable being limited, and experience that dynamical systems naturally tend to avoid populating the higher modes with energy. Many children experience this when they try to forcefully excite a higher frequency mode in a rope, only to fail unless stressed to the point of overexertion.
A conjecture can be stated using the theory above for the system restoring force of simple harmonic motion, based on the gradient of potential energy, along with the FEA simulation included herein (Figure 7 ), including industrial experience, and the test data from the childhood of most of us, as described above. it is reasonable to assume the conjecture that, while system energy decays with frequency "on average," as described above, a plot of the spectrum within its lowest half dozen modes might not show the 1/f phenomenon, but that the full pattern dues.
Sometimes the spectrum plot is 'in the trees' and the "for- The lower modes tend to be receiving modes.
Using appropriate structural damping, the frequency response function in Figure 7 is the result of an impulse load that rings all the modes of the FE model. It appears to be natural that MPFs decrease with the mode number of the mode they measure; the vector is an array of monotonically decreasing participation values (in a timeaveraged sense), usually measured as the strain-energy for each mode. This is part of the reason for the ubiquitous 
Simple harmonic motion, not so simple
A spring-damper-mass single DOF system (SDOF) provides a one dimensional model of the clattering armor plate which can provide analytical solutions to the vibration DEs. Assume 'small deflection,' where strain-energy density is low enough for linear elasticity assumptions (lack of permanent set in the structure being modelled).
Also assume that modes are nearly monochromatic functions of sines and cosines.
In a more formal development of the transfer of energy from one mode to another, Lord Rayleigh points out that pure sine or cosine waves do not exist in reality. He derived the differential equations for Newton's theory for isothermal compressive-vacuum vibration resulting in this second order form [23] .
Lord Rayleigh then comments on the ability of simple harmonic motion to maintain shape in nature. 10 The extent to which the mode shapes are not harmonic introduces a possible corruption of the pure energy-per-mode concept assumed by MPFs. In the scientific literature a 'mode' is derived from the parameters used for the study of statistics which include the median, mean, and the mode.
In a field where Gaussian distributions abound thanks to the physics described by the Central Limit Theorem, wave is an impossibility, whatever may be the velocity uo of the general current, or in other words that a wave cannot be propagated relatively to the undisturbed parts of the gas without undergoing an alteration of type. Nevertheless when the changes of density concerned are small, [
may be satisfied approximately; and we can see from [ dp/dρ = (u
] that the velocity of stream necessary to keep the wave stationary is given by [ uo = dp/dρ ] which is the same as the velocity of the wave estimated relatively to the fluid." North [27] , and Le Cam [28] . 
This model of a "welded-together" panel system Changes in damping lead to changes in the range of the orbits during stabilization. These control law formulations were implemented using a MATLAB system [31] . 
Laser vibrometry return from the probe beam
The noise floor did not rise in Figure 6 but rather, the surrounding spatial areas had phase differences within the large spot size that, due to spatial averaging, underwent destructive interference in a bandwidth that removed most of the 1460 hertz mode. 13 This interference is a combination of optical phase shifts along-range caused by reflection from deflection amplitudes that are related to the structural wavelength along the bar for each mode.
The purpose of the vibrating bar measurement was to show spectral elimination, but it also shows the discrete nature of high quality (low damping) structural modes.
The FEA in the CSC thesis [2] complemented this laboratory measurement [16] by showing that, while spectral elimination can occur with structures that might be constructed in the lab (one dimensional modes shapes are the simplest super-symmetric structures), it is impractical to 
Finite element modeling and analysis
The FEA produces a surface of vibration that is curved in 3-D and provides input for the scripts and functions run within MATLAB that produce an optical simulation of the target's image. Unlike the small and large spot sizes in Pepela's measurement [16] , the remote sensing of the armor-plate clattering uses a complete coverage large spot One hull system is eight times stiffer than the other. (1) The lab tests on the doubly clamped bar show experimentally that high SNR modes are effectively discrete.
In the absence of substantial damping they are not just the maxima of a spectrum, but spikes in the spectral response [16] . The system in Figure 5 has a signal-to-noise-ratio that is huge. These massive SNRs show that the lower (2) and (3), damping and clattering help the energy flow into the lower modes from higher frequency modes, when there are pathways (nonlinear joints) that allow energy transfer -although overall energy is lower as damping increases (see Figure 7) . Most vehicle components have bolted or riveted joints that allow such energy transfer [29] as can be seen with plots of coherence spectra, coh(f ) [36] . Coporation engineers in NASTRAN tm [37] . These MPFs stored in the FEA vector Φ can measure the energy transmitted between states (between eigenvectors of the system) where Therefore, due to the (3) energy ordering of modal states for complicated system synthesis models and the ordinary vehicles they represent, the work of vehicle de-15 Figure 7 shows that decreasing baffle stiffness between the plates (see its legend) drives unsymmetrical resonances lower. Table 6 .
Pencil-thin probe beams like that used in the lab measurement have observational characteristics quite different from the large spot size used for the FEA-MATLAB model of fully illuminated clattering armor. The former is less susceptible to spectral elimination but the latter is adequate for spectral identification of economically manufactured vehicles. Such full coverage probe beams are less likely to be subject to spatial coherence issues or illuminate a node of the Chladni zone [19] that can cause pencil-thin beam returns to fail [18] , since for the large (full coverage) spot size, some of the beam is still getting through. 16 Transition probabilities are related to CSCs calculated in the CSC thesis [2] and the coherence spectrum [36] . At first the derivatives act on the dimensionless system assuming all variables are nonlinear. After starting with a restricted case, we can bring the variables into explicit nonlinear use, one at a time, to refine the calculation.
The state-space representation [38] is shown here in its phase space form, (x(t) and its derivatives). 17 With the definition cos φ ψβ ≡ cos (ψt + ψ o )t + (βt + β o ) , 17 The state-space definition of the system combines the state x(t) with its output y(t) and changes in state (∂x/∂t). These matrix relationships [39] of the state change vector (ẋ) and system output and its state and input (u(t)) are one of many sets of A, B, C, and D matrices, easily confused with other field's ABCD systems such as optical ABCD ray matrices for laser resonator orientation [40, 41] .
x = Ax + Bu using the state and input matrices y = Cx + Du via output and feed-through matrices
All matrices and variables can be functions of time. Some definitions distinguish state space as discrete compared to continuous phase space, However the field of linear systems often uses
Even the first derivative, Equation 5, is non-trivial.
These relations will look simpler after some assump- The "undamped" speedẋ(t)e (μt+µo)t =
With more assumptions restricting the nonlinearity of the solution, the acceleration is also collected on cos φ and then sin φ in Equation 7 for this simplified expression:
The first order nonlinear solution in Equation 7 uses a constant amplitude a. While not explicitly a function of time, it has a constant time rate of change,ȧ. A further continuous output and even state variables and the resulting Kalman filter is nearly ubiquitous [38] .
order of nonlinearity to allow the amplitude change rate to be a function of time would follow in priority the use ofψ, the rate of change of a dimensionless frequency. Further refinement is left to the future. The following subsections describe how Figure 10 shows that while the stabilizing stiffness increases above the critical lift-off frequency, symmetrical modes remain at a constant frequency while un-symmetrical modes increase in frequency.
Closed-form MathCad 2 DOF contact
The subsections to follow display MathCad symbolic output for the two DOF (2DOF) model. They are the closed form solutions for a damped 2DOF oscillator. k x is the "rate" that defines the sharpness of the contact.
Two DOF DE's and solutions
Equation 8 is a dimensioned form of the two DOF damped oscillator DE where P , m, k, d, ǫ, ξ, and t are applied force, outboard mass, foundation stiffness, damping, control law stiffness, surface displacement, and time.
k will be the dimensionless stiffness ratio for the second oscillator, k = (k 1 +k 2 )/k 1 which is the stiffness of the base of the system. ξ indicates the dimensioned form of location in the dimensionless x direction. The dimensioned control law for structural contact for this two DOF problem is the displacement u(ξ) of Equation 9.
Use of Winthrop's method [30] results in a dimensionless form of Equation 10. order' nonlinearity, a time variation of the dimensionless frequency, ψ, which is appropriate for the common task of mode tracking [35, 34] .
In words, these simplifications are:
-Constant amplitude 'a' cancels out of the DE.
-Uniform damping µ is for simplicity.
-But uniform phase β is realistic.
-And finally, solve for free vibration first.
Using a new variable for dimensionless phase, φ = ψt+ β, to simplify the state space system (Equations 4 and 5), the solution starts with a definition of the speed (Equation
13) and acceleration (Equation 14
).
Maintain the coefficients as variables of time in the subsequent derivative:
Using 
The time derivatives come from application of differential operators using Equations 13 and 14:
These relations use a different dimensionless stiffness,
is of the SEVP format as shown below in Equation 16 .
Equation 17 shows the format of the system matrix A for submission to an eigen-solver. Some of the terms in A 1,1 and A 2,2 were kind enough to cancel. and closed gap, respectively. In the dimensionless system, the non-contact state has unity stiffness in DOF 1 and stiffness of k for DOF 2. But DOF 1 adds to the stiffness when in contact, so that base plus contact stiffness becomes 1 + ǫ. This is the FEA maxim that 'stiffnesses add" [45] . The derivation of the dimensionless "eigenvalues" λ i in Equation 18 came from the Mathematica results discussed further in the CSC thesis [2] .
For subsequent nonlinear calculations we assume u = 1 so that contact is active. Assume ǫ > k (dimensionless) and for stability ǫ 1 > k 2 = k base (dimensioned). [2] .)
The more severe assumption is that dimensionless frequencies are equal, ψ 1 = ψ 2 (setting the natural frequency of both the hull and the armor to be the same). While this is a strong assumption, it was understood that the FEA will give proper simulation results for all modes. Also, with this statement, we are saying that the particular solution is the same for both DOF's which is not actually the case, except for purely symmetric and antisymmetric modes. However, we know that physically symmetric and antisymmetric modes, specifically these two modes alone, comprise the complete set of time solutions in Equation   19 for the 2DOF undamped SEVP considered. Hence, the assumption ψ 1 = ψ 2 gets validation from the physical dynamics of this two DOF undamped system. Damping will add a complication to this system but to first order assume both masses have the same particular order of solution, set for each time step.
= a(t)e −µit cos(φ i t + β(t))
The dimensionless frequencies, ψ, just happened to be in this system matrix in the same form as an 
The eigenvalues in matrix form are
but it is more convenient to display them in the vector form as in Equation 22 , which is Equation 18, changed to reflect the subsequent eigenvector term. 
The phase φ k = ψ k t + β(t) ≈ ψ k t relates to the eigenvector whose temporal dynamics λ i describes both DOF's, the hull and HRA point masses. (Here the frequencies ψ k are not matched to the damping µ i .) Redefining Π i and Ω i for this mixed-index format: 
